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SUMMARY

An analysisbasedonmixing-lengththeoryispresentedwhich
indicatesthatsurfaceblowingassociatedwithtranspirationcooling
systemsproduceslargereductionsinboththeheat-transferandskin-
frictioncoefficientsfora turbulentboundarylayerona flatplate.
Thenumericalresultsarerestrictedtothecaseofairblowinginto
air. Theeffectsofblowingareindicatedtobe similarforhigh-speed,
compressibleflowtothoseforlow-speed,incompressibleflow.

*
INTRODUCTION

i

Thefrictionalheatingof theoutersurfacesofhigh-speedaircraft
hasbecomea majorprobleminthedesignof theseaircraft.Without
thermalprotectionandat equilibriumconditions,thesurfacesof these
aircraftwillbeginreachingintolerabletemperaturesatMachnumbers
evenas lowas2. Thedesigner,therefore,mustprovidethermal
protectionforhisaircraftisskin.Thisprotectioncanbe achievedin
severalways;forexample,by alteringtheaircrafttsshapetoavoid
sharporpointedfrontalsurfaces,by protidinga coolingsystemforthe
skin,andby providinga protectivethermalinsulatinglayerbetween
thehotairintheboundarylayerandtheskin.A transpirationcooling
system,oneinwhichthecoolantpassesthroughsmallporesintheskin
andintotheoutsideboundarylayer>11=theadv=~ge of providingboth
coolingof theskinanda protectiveinsulatinglayerof coolant.It
appearsthattheseadvantagesmakea transpirationcoolingsystemmost
effective(ref.1). It isnotedthattheadvantageof evaporationcan
alsobe incorporatedintoa transpirationcoolingsystem.

Muchof theavailableworkdealingwithtranspirationcoolingis
- restrictedtoanalysesdealingwiththelaminarboundarylayer.The

literatureis quiteextensiveandreferences2 and3 representexamples
of theseanalyses.

+
Investigationswhicharemorealliedtothework
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presentedinthispaperarerepresentedbyreferences4, 5,and6.1
Theseanalysestreatthecaseoftheturbulentboundarylayerbydivid-
ingtheboundarylayerintotwoparts,a laminarsublayeranda fully
turbulentouterregion.Theendresultsof-thesesnalyses,ineffect,
relatethecoefficientofheattransferunderconditionsoftranspira-
tionwithtwoparameters;namely,(1)thevelocityat theinterfaceof
thesubla~randouterturbulentportionand(2)a Reynoldsnumberbased
onthedistanceofthisinterfacefromthesurfacewithproperties
evaluatedeitherat thewallorfree-streamtemperature.Therateof
transpirationactsasan independentvariableinthelatterrelation.
Becauseitislmownthatbothofthesepemnetersaredependentonthe
localskinfrictionforthecaseof zerotranspiration,itwouldbe
expectedthattheirpartialdependenceonthelocalskinfrictionwould
continueevenundertheconditionsoftranspiration.Ineffect,then,
theresultsoftheseanalysesaremodifiedReynoldsanalogiesrelating
heattransferandskinfrictionwhenblowingoccurs.A similaranalysis
comprisesa portionofthisreport:however,it ismodifiedtoalso
includethefrictionaldissipationoccurringinthehigh-speedairflow
overthesurfacesofaircraft.

Severalexperimentshavebeenperformedconcerningtranspiration
coolingintubesor channelshavingturbulentboundarylayers(refs.~,
7,and8). Althoughtheresultspointouttheadvantagesoftranspira-
tioncooling,thegeometryofthetestsandthelowvelocitiesemployed
intheboundarylayermaketheresultsoftheseteststoospecificto
applyinthegeneralcaseofaircraft.Theexperimentdescribedin
reference9, althoughalsoemployinglowairspeeds,providesdataon
a flatplate,whichisa fundamentalaerodynamicshape.Thesedatawill
be comparedwiththepresentanalysisina laterportionofthisreport.

Fromthisbriefreviewofliteraturedealingwithtranspiration
cooling,it isapparentthatthereisno informationabouttheinfluence
oftranspirationonthebehaviorofa compressible,turbulentboundary
layer,suchas existsonthesurfaceofa high-speedaircraft.The
purposeofthepresentreportistopresentu approximateanalysisfor
determiningtheeffectoftranspirationona high-speedturbulent
boundarylayer.Becauseofthengmyuncertaintiesinherentinthe
analysisYitmainlyhasheuristicvalue.Experimentaldatawillbe
requiredbeforethevalueoftheanalysisasa meansofinterpolating
or extrapolatinglimitedamountsofdatacambe assessed.

‘A simultaneousinvest~gation,essentiallythesameas iscontained
inportionsofthepresentreport,hasbeenreportedrecentlyinem
articlebyW. H.Do?ranceandF. J.Dore,entitled*~TheEffectofMass
TransferontheCompressibleTurbulentBoundaryLayerSkinFrictionand
HeatTransfer.”Jour.Aero.Sci.,vol.21,no.6, June1954.
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SYMBOLS

.

s.

A

b

B

Cp

Cf

f
s

F
“+

g

G

h

k

~,kn

K

L

M

*
Pr

i
Prt

arbitraryconstant

J’7-1~ M12
parameter,

TW/T=

arbitraryconstant

~+7-1 M12
paxsmeter, 2 -1

TW/Tl

specificheatat constantpressure

local.skin-frictioncoefficient

ratio,
‘$’

definedby equation(10)

ellipticintegralofthefirstkind

exponentialtermdefinedby equation(A33)and(A34)in
AppendixA

functiondefinedbyequation(6)

localheat-transfercoefficientdefinedby equation(A78)

thermalconductivity

parametersof
and(A68))

mixinglength

mixinglength

Machnumber

ellipticintegraloffirstkind(seeeqs.(A66)

parameter,1 = Ky

Prandtlnumber,
B
k

twbulentPrandtlnumber,
n
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q

r

Rx

St

T

u

v

x

Y

a

$

Y

%

CM

c

localheat-transferrateperunitarea

localtemperaturerecoveryfactor(seeeq.(A80))

Reynoldsnumberbasedondistancealongplateandfree-stream
fluidproperties

Reynoldsnumberbasedonmomentmthicknesssndfree-stream
fluidproperties

hlocalStsntonnumber,—
Plulcp

temperature

velocitycomponentparalleltoplate

velocitycomponentperpendicularto surfaceofplate

coordinateparalleltoaxisofplate

coordinateperpendicularto surfaceofplate

psrsmeterdefinedby equation(A58)

parsmeterdefinedby equation(A59)

ratioof specificheats,l.hOforair

eddythermalconductivity,definedby equation(All)

eddytiscosity,definedby equation(A1O)

constentrelatingtranspirationratewithlocal

coefficient,Pwvw/Plw
cf/2

.
e momentumthickness

P viscosity

P massdensity

a pasmeterdefinedby equation(A60),!-L

T localshearstress

Tm,9n parsmeterofellipticintegraloffirstkind

skin-friction

?
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. m

*

t

a

c

*

e

i

exponentinviscosity- temperaturerelationship

Superscripts

instantaneousfluctuatingquantity

quantityaveragedwithrespectto time

dimensionlessquantity(seeeqs.(A26) and (A27))

dimensionlessquantity(seeeq.(A19))

Subscripts

interfaceoflaminarsublayerandouterturbulentregion

coolantfluidinitialcondition

temperaturerecoverycondition,

surface

outeredgeofboundarylayer

ANALYSIS

Te =Tl+rti
2cp

RestrictionsonAnalysis

Thepresentanalysishasseveralrestrictionswhichhavebeen
imposedbecauseofinherentdifficultiesorforpurposesof simplifica-
tion. Theserestrictionsareas follows:

1. Onlythecompressible,turbulentboundarylayeris considered
(usualboundary-layerassumptions).

2. Theboundarylayerisona flatplateplacedparalleltothe
free-stresmdirection.

3* Thecoolantfluidis thesaneas theboundsry-layerfluidand
enterstheboundarylayerat thetemperatureofthesurface
oftheplate(nodiffusion).
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4. Theboundarylayeris idealizedtobe composedoftwodistinct
sections:a laminarsublayernextto thesurface,anda
fullyturbulentouterlayer.(Note:Itisassumedthat
velocity,temperature,heatflux,andsheararecontinuous
attheinterfaceofthetwolayers.)

3. Inthefullyturbulentouterlayer,thetransportofheatis
proportionaltothetransportofmomentum.

PartsoftheAnalysis

Forrelativesimplicitytheanalysisisdividedintotwoparts.
Thefirstpartcontainsa determinationthroughtheuseofmixing-length
theoryoftheeffectoftrsmpirationon skinfrictionandheattransfer
ina compressibleturbulentboundarylayerwhentheRrandtlnumberis
unity.TheassumptionPr = 1 greatlysimplifiesthisportionofthe
analysis.Thesecondpartcontainsa determinationoftheeffectof
transpirationontherelationbetweenthecoefficientsofskinfriction
ad heattransferwhenthePrandtlnumberisnotunity.An expression
fortemperaturerecoveryfactorisalsofoundinthesecondpart.

A combinationoftheresultsofthetwoparts(theproductof Cf
whenPr.=1 andSt/cfwhenPr ~ 1)allowsthedeterminationofthelocal
heat-transfercoefficientsundertheconditionsoftranspirationwhen
Prandtlnumberisnotunity.Topermitthiscombination,itisnecessary
to employthepremisethatthelocalskin-frictioncoefficientis
relativelyindependentofPrsndtlnumber.Forthecasewithno tran-
spiration,thispremiseisgoodfora Prandtlnumberwhfchcorresponds
toair(ref.10). It isnotexpectedthatsmallamountsoftranspiration
shouldalterthebasicpremise.

DescriptionofMethodofAnalysis

Thisdescriptionoftheanalysisisintendedto pointoutits
salientfeatureswithoutintroducingthecomplexitiesofthedetailed
mathematics.Themathematicaldetailsmaybe foundinAppendixA.

ThebasicequationsthatareusedinthisanalysisaretheNavier-
Stokesequationsrepresentingconservationofmomentum,theconservation
ofenergyequation,andthecontinuityorconservationofmassequation.
Whenallthequantitiesintheseequationsare.representedasthesum
ofa timeaveragedquantityplusan instantaneousquantity,these
equationscanbemadetoa~ly to turbulentflow(ref.11). Whenthese
“turbulentflow”equationsaretimeaveragedandtheusualboundary-
layerassumptionsareimposed,theresultingboundary-layerequations
are(ref.10):

.
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Bsrredquantitiesrepresenttimeaverages,whileprimedquantities
representinstantaneousvaluesoffluctuatingqusrrbities.Whilethe
specificheatismaintainedconstant,thefluidpropertiesofdensity,
viscosity,andthermalconductivityareallowedtovarywithtemperature.
Frictionaldissipationisalsoincluded.

Equations(1)through(3)sreintractableatpresent,becauseof
s theircomplexityandbecausethebehavioroftheturbulentfluctuating

componentsin shearflowisnotknown.Certainnonrigorouss@lifica-
tionsarenecesssryto achievea solutionusefulfroman engineering

i viewpoint.

Thefirstsimplificationnecessaryinachievingan engineering
solutiontotheproblemistoassumeinequations(1)through(3)that
thevariationsof,thedependentvariableswithrespectto x are
negligiblecomparedtotheirvariationswithrespectto y inthe
evaluationofthelocalvelocitydistribution.Thisallowsreplacing
partialdifferentialequationsbymuchmoreeasilysolvedordinary
differentialequations,with y as theindependentvariable.Theabove
assumptionisbasedon experiencewiththelow-speed,incompressible
skin-frictionproblemwithouttranspiration.Ithasbeenfoundthat
thisassumptioncombinedwitha groupofassumptionsconcerningthe
mechanismofturbulenceand thestructureoftheboundarylayertogether
withcertainmathematicalsimplificationscanbemadetoyieldskin-
frictioncoefficientswhichagreewellwiththeexperimentalresults.

At thispointitisnecessarytodefinethePrandtlnumberas it
isusedin thisreport.IntheconventionaldefinitionPrandtlnumber
istheratioof kinematicviscosityto thethermaldiffusivityofa fluid. wherethetransportofmomentumandheatispromotedbymolecularmeans.
ThisPrandtlnumberisthena controllingvariableforprocessescon-

e taininglaminarflowwheremoleculartransportphenomenaoccur.When
theflowisturbulent,however,thelarge-scaletransportofmomentum
andheatispromotedby theeddyingmotion,andtheconventionalPrandtl
numberdoesnotgovernthismechanism.Inordertorelatetheturbulent
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transportof momentumandheattransfer,itisnecessarytodefinea new
termwhichhasthesmnecharacteristicsasl%sndtlnumber,exceptthat
propertiesdefiningthetermarebasedoneddyingmotion.Todistinguish

.

thistermfromtheconventionalPrandtlnumber,itiscalledtheturbulent
Prandtlnumber.A turbulentRrandtlnwnberofunityisequivalentto *
theReynoldsanalogy.

Whenthebasicequationsarereducedto ordinarydifferential
equations,theyareappliedtothefullyturbulentouterlayerby
omittingallthetermswhicharebasedonmoleculartransport.Inthe
laminarsublayer,however,allthetermsbasedoneddyingtremportare
omitted.Thus,twosetsofequationsareemployed,thesolutionsof
eachbeingmatchedattheinterfaceofthetwolayers.Experiencehas
shownthatthistwo-layermodelofa turbulentboundarylayerisquite
gocdas longasboththeFtrandtlnumberandturbulentPrandtlnumberare
closetounity.

At thisstage,theanalysisisdividedintotwoparts.Inthe
firstpertitisassumedthatPrandtlnumberandturbulentPrsndtlnumber
erebothequaltounity,whichresultsina directrelationshipbetween
thetemperatureandvelocity.Becauseofthisrelationship,it isnot
necessaryto solvetheenergyequation.Themcmentumequationissolved
togetherwiththecontinuityequationtoyieldthevelocity(andtem-
perature)distributionthroughtheboundsrylayerwiththelocalsurface b
shearas a parameter.Thevelocitydistributionisthensubstitutedin
theintegralexpressionforthemomentumthickness.As thisintegral
isnotreadilysolvableinclosedform,thefirsttermofa series P
solutionisemployed.Thefirsttermrepresentsanasymptoticsolution
forthecaseofextremelylowvaluesoftheskin-frictioncoefficient

—

andlowratesoftranspiration;thatis,

J-<< 1.

J7cf2<<land

Thus,a relationshipisobtainedbetweenthelocal
skin-frictioncoefficientandReynoldsnumberwiththemomentumthickness
as thecharacteristicdimension.WhenthevonK&&n momentum-integral
equationisintegratedusingtherelationshipcf(Re),thereresultsan
expressionforthelocalskin-frictioncoefficientintermsofa Reynolds
numberusingthelengthalongtheplateasthecharacteristicdimension.
Thislatterintegrationisalsonotmadeinclosedform,thefirstterm
ofa seriesexpansionagainbeingused asanasymptoticrelationship
forsmallvaluesoftheskin-frictioncoefficientandthetranspiration
rate.Thefirstpartofthemalysis,consequently,resultsinthe
determinationoftheeffectoftrsmspirationontherelationship
cf(Rx)when Pr andPrt arebothunity.

It is?mownthatthelocalheat-transfercoefficientisdependent
on Pr endPrt. To evaluatethisdependence,thesecondpartofthe
analysisisperformedtodeterminetherelationshipbetweenthelocal
Stantonnumberandthelocalskin-frictioncoefficientunderconditions
oftranspirationwhen Pr andPrt arenotunity.Thisisachievedby

.

?
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takingtheratioofmembersoftheenergyequationto corresponding
. membersofthemomentumequation.Theratioofthemembersformsan

ordinarydifferentialequationrelatingtotalenergysndvelocity.When
thedifferentialequationis integratedin closedformacrossthebound-* arylayer,thereisobtaineda relationshipbetweenStantonnumberand
thelocalskin-frictioncoefficient.An ancillaryresultisan expres-
sionforthelocaltemperaturerecoveryfactor.

A combinationofthetwopartsoftheanalysisprovidesSt(Rx)
underconditionsof transpirationforPrandtlnumbersotherthanunity.

SumnaryofResultsofAnalysfs

TheresultsofpartI oftheanalysiscm be summarizedas
follows:

ReK
Zn = G

) .

1 Pwvw/Plul
Y: 1+ cf/2

i

or
-4

(4)

(5)

where

.
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when

or

when

Note:

Theterm F(k,Q)isanellipticintegralofthefirstkind.



4*

For the values

The results of part

.
of K, y:, and Ua

11 of the analysis

to be used in the above see mIsCWSIm” (note ;8 = u;&7Z!).

can be summarizedas follows:

St—.— (7)

(Pwvw Pwvw+Cf )(2 Pwvww 2-Rt pwvw+cf
~ (2-Pr)(2-Rrt)- (2-Pr +$+px ) ——

pr~

r=l-2 m E
~+~

p~ul 2
(Prt-Pr)

()
‘# 2 (2-RL”J(!2-Pr)

(8)
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DISCUSSION

Evaluationof K, & Y:

Theendresultsofthemalysis,asrepresentedbyequations(4)
through(8),areentirelygeneraluntilspecificvaluesof K,u~,and
Y: areselected.Thismeansthatbeforenumericalanswerscanbe
determinedfromthisanalysis,informationotherthanthatcontainedin
theanalysismustbe employed.Thisinformation,thatis,thevalues
of K) U& andy~jmustbedeterminedfromexperiment.ThusJthe
numericalresultsofthisreportcanatbestbeas goodas theexperi-
mentsusedin selectingK, u*,andy~.

Low-speedcasewithno transpiration.-Fortheincompressible,zero
transpirationcase K>ui>~d ~ canbe evaluatedinthreeways. The
firstway5.sfromvelocitydistributiondata,where K isa measureof
therateof increaseofthevelocitywithdistancefromthesurface,
and ~+ andy: we theconditionsat theinterfaceofthesublayerand
outerturbulentportion.Thesecondwayisfrom cf(Re)data. Inthis
evaluationthetermsK,u& andy~ losesomeoftheirphysicalsigni-
ficanceinthattheymaybe consideredasarbitraryconstantswhich
absorbsomeoftheInaccuraciesintroducedby themathematicalsimpli-
ficationsemployedinevaluatingthemomentumthicknessfromthe
velocity-distributiondata.Thethirdwayisfrom cf(Rx)datawhere,
again,K,u& andY: aretreatedasarbitraryconstants,absorbing
stillothermathematicalsimplifications.

Theexperimentalvelocity-distributiondatacanbe plottedinthe
dimensionlessfcqm u+ vs.y+ whenlocalsurfaceshearstresseshave
beenobtainedsimultaneously.By choosingK,u*,andy~ appropriately,
theanalysiscanbemadeto fitportionsoftheboundery-layerdatavery
well. IfthequantitiesK, u~,andy~ areadjustedsothattheinner
portionoftheturbulentlayeriswellrepresented,theanalysis,how-
ever,willnotfitthedataintheouterportionofthelayer,andvice
versa.Thislackofagreementbetweenanalysisandexperimentisnot
entirelysurprisingwhenitisrecalledthattheanalysisis basedon
a primitivemixing-lengththeoryandthatseveralmathematicalsimpli-
ficationshavebeenimposed.“

Beforetheexperimentaldataof cf(Re)or cf(Rx)cm beusedto
evaluatethearbitraryqusmtities,itisnecessarytorelate~ andy~
analytically.Thisisnecessarybecausetheskin-frictiondatawill
onlysupplyeitherK andu~ or K andy: withsufficientaccuracy.
Fortheincompressible,no transpirationcasesa comparisonofthe
quantitiesevaluatedinthethreedifferentmannersisshowninthe
followingtable: +’
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Fromvelocity
surveydata From cf(Re)From cf(Rx)

(innerportionof data data
turbulentlayer)

K 0.400 0.352 0.392
u: = Y: 11.5 12.6 13.1
,

Zl?hesevalueswereevaluatedfromfiguresofdatasummarizedinreference
w. It isapparentthatthevaluesof K and@ givenby thealterna-
tivemethodsdonotagree,theextremevaluesof K differingby about
14percentandtheextremevaluesof u: alsodifferingby about14per-
cent.Thesedifferences,undoubtedly,aredueto theinadequaciesof the
mixing-lengththeoryandthemathematicalapproximationsimposed.

Forthepurposesofthepresentreport,however,thechiefconcern
isadequaterepresentationby theanalysisof cf(Rx)● Infigure1,
therehasbeenreproduceda figurefromreference12 showingavailable
dataof cf(Rx).Thecurvesgivenby thepresentanalysisexerepresented
by solidlines.Theanalyticallinebasedon cf(Re)datadiffersfrom
the cf(Rx)databy lessthan7 percent.Thesnalfiicalline,basedon

. velocity-distributiondata,isabout1.2-percenthigherthanthe cf(Rx)
data.Fromthisit canbe inferredthatnomatterwhichmethodis
employedtoobtainK, ~, and%, useofthesevaluesto obtaincf(Rx)

* willresultinanswersadequateforengineeringpurposes.

Low-speedcasewithtranspiration.-Thereexistinsufficientdata
todefinepreciselytheeffectoftranspirationon K, & andy:. The
dataofreference9 donotallowthesedeterminationseventhoughthey
includetemperature-distributionsurveys,velocity-distributionsurveys,
andmeasurementsoflocalheattrsmsfer.Thetemperature-distribution
datawerenotysedbecauseevaluatingK, u& andy: fromtemperature-
distributionsurveysandlocalsurfaceheat-trausfermeasurements
requiresmakingassumptimsconcerningthemalo~ betweenheattransfer
andmomentumtransfer.Examinationofthevelocity-distributiondata
revealedthatlocalskin-frictioncoefficientsweremorethan20 percent
higherthanthevaluesinfigure2 forthecasewithzerotranspiration.
Thesehighvalueswereattributedto surfaceroughnesseffects.Since
it isnotknownhowroughnessisaffectedby transpiration,it is
believedthatthevelocity-distributiondatamayincludetheeffectsof
both.Becauseheattransferinturbulentflowseemsto be affectedby
roughnessto a muchlesserextentthanis skinfriction(ref.13),it
wasdecidedto employtheheat-transferdataintheevaluationof K,% U& andy;. As thedatame notsufficientlyprecisetodo this
directly,itwasnecessaryto employthealternativeapproachofpostu-

W latingvaluesof K, u~,andy~ andthenof comparingtheendresults
withthedataofreference9. Physicalconsiderationswereemployedin
guidingthesepostulates.
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Fromthephysicalviewpointitwouldbe expectedthat u: andy~
shouldbe consistentwiththevelocity-distributioncurvewithinthe
sublayer,equation(A2~).Inadditionitwouldbe expectedthatthe
Reynoldsnumberat theouteredgeofthesublayer,basedon thethick-
nessofthesublayerandequalto u~y~,shouldbenonincreasingunder
thedisturbinginfluenceof transpiration.Consequently,thetwo
assumptionsinvestigatedare:

.

u

(a) ‘&a = (13.1)2 solvedsimultaneouslywithequation(A&) and

(b) U: = 13.1sndy: fromequation(A25).

Thefirstoftheserepresentsthecaseofa constantsublayerReynolds
number,whilethesecondcorrespondstoa Reynoldsnumberwhichbecomes
smallerasthetranspirationrateisincreased.A comparisonofthe
individualresultsbasedontheseassumptionsprovidesan indicationof
theinfluencetheassumptionsconcerningthesublayermayhave. To
exsminethispointfurther,othernumericalresultswereobtainedusing
theconditionthat u~ = y: = 13.1, identicalwiththeno transpiration
case. It shouldbenotedthatthislatterconditionis inconsistent
withthesublayerequation(eq.(A25)).

Besidesthequestionoftheboundaryconditionsat theouteredge
ofthesublayer,thereexiststheproblemof choosinga valueof K, -

d

themixing-lengthparsmeter,undertheconditionsoftransqirati.on.Only
well-definedexperimentscansmswerthisproblemand,atpresent,the ~
onlyrecourseavailableistoassume’it isunchangedbythetranspiration;
namely,K = 0.392.Inadditiontotheseasstiptions,theconditions
M= O,TW/Tl= 1,Pr = 0.72,mdprt = 1.00areimposedontheanalysis
tomakeit conformwiththetestconditionsofreference9.

ComparisonwithData

A comparisonofthedataandanalysisisshowninfigure2 forthe
casewherethetranspirationrate,Pwvw/plul,isequalto zero.The
localStantonnumberisplottedas a functionofReynoldsnumberwith
thedist~cealongthechannelwallusedasthecharacteristicdimension.
ItappearsthatthedataofrunH-1correspondtoa lsminarboundary
layer;thedataofrunsH-2andH-3correspondtoa boundarylayerwhich
islaminarat thelowerReynoldsnumbersandtransformsto onethatis
turbulentat thehigherReynoldsnumbers;andthedataofrunH-4
correspondto a boundarylayerwhichhasbecometurbulentveryclose
to theleadingedgeofthechannelwall.WhenthedataofrunH-1are
comparedwithPohlhausen~stheoreticalresultforlaminarflow,itis
notedthatthedataaregenerallyabout20-percenthigherthantheory.
SincePohlhausen?stheorywascheckedexperimentallyInthepastby Fage
andFalkner(ref.14),somedoubtisraisedconcerningtheaccuracyof
thedatawithlaminarflow.Thedatacorrespondingtoturbulentflow,

r

Q
—
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however,agreefairlywellwiththewell-knownempiricalColburncurve,
. reference15,orwitha curvederivedfromthepresentanalysis(note

forcasewhere Pwvw/PIT-11 = O,variouspostulatesaboutthesublayerare
* identical).ThedeviationsshownbythehighReynoldsnumberdatafor

eachofrunsH-3andH-4arenotconsidered.

Forthepurposeofthepresentpaper,themainpointis considera-
tionoftheagreementofthedatacorrespondingto turbulentflowwith
theresultsofthepresentsnalysis.It shouldbe emphasizedthatfor
comparisonpurposesthedatashouldactuallybe plottedagainst.a Reynolds
numberinwhichthecharacteristicdimensionistheeffectivelength,of
a fullyturbulentboundaxylayer.Theeffectivelengthisdefinedas
thedistancealongtheflatplatewherea boundarylayer,fullyturbulent
fromthestart,wouldhavethesameStantonnumberas theactualboundary
layerforwhichtransitionfromlaminartoturbulentflowhasoccurred
downstreamoftheleadingedge.Thedatagiveninreference9 are
insufficienttodefinepreciselytheeffectivestartofturbulence,so
it isnecessarytoresorttoestimates.BecausetheStsmtonnumber
approachesinfinityasReynoldsnumberapproacheszero,anyofthedata
pointscorrespondingto turbulentflowhavinga finitevalueofStanton
numberaredownstreamoftheeffectivestartingpointoftheturbulent
boundarylayer.Thus,iftheeffectivestartingpointofa fullytur-

. bulentboundarylayerischosenas thepointwherethedataindicate
transitionhasjustendedandtheflowiscompletelyturbulent,the
effective-lengthReynoldsnumbersodeterminedwouldcertainlybe smaller

● thanthetrueeffectiveReynoldsnumber.Whenthisextremecorrection
isappliedto thedata,thatis,1..8XI05is subtractedfromthe Rx
forrunH-2,9X104is subtractedfromthe Rx forrunH-3,andthe Rx-
ofrunH-4areleftunchanged,itis foundthatthedataclusternear
theanalyticalresultwitha spreadofabout20 percentas shownin
figure3. Theresultsbasedon tiecorrecteffectivestartinglength
wouldundoubtedlyliebetweenthoseshowninfigures2 and3 andwould
be in goodagreementwiththeproposedanalyticalrnethd,considering
theinherentscatterinthe*ta.

Beforea comparisonof theproposedanalyticalmethodandthedata
canbe madeunderconditionsoftranspiration,it isnecessarytodiscuss
aspectsofthevariationofthetranspirationratealongthesurfaceof a
plate.If it isassumedthatbothconductionwithintheporoussurface
andradiationarenegligible,a heatbal~ceona portionof thePorous
surfaceresultsinthefollowingequation:

.
(9)

BecauseSt varieswith x, it isappsrentthatif Te andTc are
v constantwithrespecttodistancealongtheplate,theonlycondition

compatiblewitha constantsurfacetemperatureis Pwvw/Plul= Est
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where e isa constantofproportionality.On thecontrary,if
Pwvw/Plul= constant,thesurfacetemperatureTw willvaryalongthe
surfaceoftheplate.

Inthepresentanalysisit isquiteinconvenienttotreatthefirst
ofthesecasesexactly.Thisarisesfromthefactthattheanalysisis
dividedintotwoparts,thatis,thelocalStantonnumberisdetermined
froma localskin-frictioncoefficientthatwasdeterminedforthe
particularcaseof E = Prt= 1 anda prescribedvariationof —
Pwvw/Plul*TIIUS,tomake PwVw/PIUI = eSt wouldrequirean iteration
process.Forconvenience,andbecauseitdoesnotproducea large
errorinthepracticalcase,therelationship

—

-’f ( PwqJ
-f prYprt~zM

— )

willbeassumed.Thisassumption
dependenceofthefunctionf is
thatalthoughthisisnotexactly
an errorofabout*4 percentover

-. experimentsinreference9. When
equation(9)thereresults:

f

(lo)

impliesthattheReynoldsnumber .-.
negligible.Itwillbe shownlater
true,theassumptiononlyintroduces
theReynoldsnumberrangeofthe —
equation(10)isintroducedinto .

.

(=.)PWvw

Te -Tw= ‘u (~ - Tc) (11)
/cP\

w
f

-i

ThuslettingPwvw/plul= !(cf/2)resultsin
surfacetemperature,where Q isa constant

Forthecasewherethefluidproperties

essentiallya constant
ofproportionality.

areessentiallyconstmt,
thatis,low-speedflowwithsmalltemperaturevariations,itispossible
toapplytheanalysisdirectlyto thecasewherePWVW/PIUl= constant~
Someerrorwilloccurbecauseofneglectingtheeffectofaxial
variationsinthesurfacetemperatureontheconvectiveheattransfer.
Forthecasewithzerotranspiration,it isknownthatcontinuous
variationsofsurfacetemperaturehavelittleeffectonheattransfer
ina turbulentboundarylayer(ref.16). Itisnotexpectedthatsmall
amountsoftranspirationshouldmarkedlyalterthis.

/
Thus,theresults

providedby theanalysisfor Pwvw Plul = constantshouldbeapplicable

forcomparisonwiththedataofreference9.



NACATN 3341 17

Co?npaisonsofthesmalyticalresultswiththedataofreference9. arepresentedinfigures4, 7,6,and7. Figures4 and> correspondto
constantPwvj+Plulsandfigures6 and7 correspondto

w Pw%/Plul= g(cf/2). In thesefiguresno correctionsfortheeffective
startinglengthhavebeenmadefortheReynoldsnwbersofthedata.

Infigure4 thevariationofStantonnumberwithlengthReynolds
numberis shownfor pwvw/plul= 0.002.Theanalyticalresultsbased
on theassumedconditionsof K, u& andy~ arealsoincluded.It is
surprisinghowwelleitherpostulatecompatiblewiththesublayer
equationcompareswiththedata. Theanalysiswitheitherofthese
postulatesgivesaboutthecorrectorderofmagnitudeforthereduction
inStantonnumberdueto transpirationand,inaddition,indicatesthe
largervariationinStantonnumberwithchangesinReynoldsnumber.The
differencesintheanalyticalresultsandthedataareshownmuchmore
clearlyinfigure5 wherepwvw/plul= 0.006.Inthisfigureneither
analyticalresultbasedoneitherpostulateagreeswellwiththedata,
however,bothanalyticalresultsindicatea largereductionin St
anda largervariationof StwithRx,as isexhibitedby thedata. It
is interestingthatthetwoanalyticalresultsbracketthedata. Inboth
figures,however,thepostulatewherethesublayeris consideredunchanged

* by transpirationleadsto analyticalresultswhichexhibitthepoorest
agreementwiththedata.Anotherpointof interestisa confirmation
thatvariationsinsurfacetemperaturesaffectthedatato a small

* degree.Thisis seenfroma comparisoninfigure4 ofruns17bsnd20b
withruns16a,17a,and20a,wherethedifferencesbetweena constant
surfacetemperatureanda vsriablesurfacetemperaturearemaskedby
thescatterofthedata.Theresultsoffigure5 furthersubstantiate
thispoint.

In figures6 and7 thevariationofStantonnumberwithlength
Reynoldsnumberis shownfor pwvw/plul= ~(cf/2).Inviewofthe
previousresults,onlytheanalyticalresultsbasedonpostulates
compatiblewiththesublayerarecomparedwiththedata. To agreewith
theexperimentalvaluesof ~ thevaluesof.~ forthetwocasessre
1.o4and1.15,respectively,infigure6. Thecorrespondingvaluesof
! infigure7 are c = 2.68snd3.34.Althoughthedatascatter
msrkedly,a comparisonofthedataandanalysisisquitefavorablewhen
considerationismadeoftheprobableeffectivestartingpointofthe
dataofrunH-10.

Fromtheabovecomparisonofdataofreference9 withtheresults
ofthepresentanalysis,itcanbe concludedthatforthelowspeed,‘9 incompressiblecase,answerssufficientlyaccurateforengineering
purposescanbeprovidedby theanalysiswhenthearbitrsryconstants

i oftheanalysisaresetequalto:
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K = 0.392

u~ = 13.1

and y~-isdeterminedfromequation(A25).Itwillbenotedthata
postulateconsideringthesublayerReynoldsnumbervariableisemployed
inpreferencetoa postulatewhereitis consideredconstant.Thisis
donefromtheviewpointofprovidinga moreconservativeanswer(i.e.,
lessreductionin St withtranspiration)thanisexhibitedby thebulk
@f thedata.

ExamplesofResultsofAnalysis,IncludingExtensions
toHigh-Speed,CompressibleFlow

Examplesoftheeffectoftranspirationonthelocal.skin-friction
coefficient,theratioofStantonnumbertotheskin-frictioncoefficient~
andthelocalrecoveryfactorareshowninfigures8,9,and10. These
curvesincludecasesofMachnumberequaltoO,2, and4. Thecurves
shownaresubjecttothefollowingconditions:

(a) K= O.392 *

/
(b) &= 13.1 ~ $

(c) y: isdeterminedfromequation(A25)

(d) w=o.8

Forfigure8 theconditionsforPrandtlnumberare:

(e) Pr=l.00

(f) Prt=l.oo

Infigures9 and10the

(g) Pr=O.72

(h) Prt=l.OO

Inallthefigures,the

transpirationparameter

conditionsforPrandtlnumberare:

parsmeterofthecurvesisthedimensionless
~= (Pwvw/Plul)

. Thisconditionof constant~,
(cf/2)

implyinga varyingtranspirationratealongthesurface,waschosenfor
theexamplesfromthepracticalviewpointthatitrequiresa smaller
amount oftranspirationairtomaintaina certainmaximumsurface
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temperatureovera regionthandoesa constanttranspirationrate
* system.Twosurface-temperatureconditionsarepresented:thefirst,

iswherethesurfaceisat thetotaltemperatureandthesecondiswhere
thesurfacetemperatureisat thefree-streamstatictemperature.These.
surfacetemperaturesarecertainlytheextremelimitsof therangeof
temperatureslikelytobe encounteredon thesurfaceofa cooledaircraft.

Conditions(a)through(c)areessentiallythesameas postulate(b)
(page14)definedpreviously,exceptthat @ isbasedon fluidprop-
ertiesevaluatedat thesurfacetemperature.Thisaccountsforthe
temperature-ratiotermin (b). Condition(d)representstheviscosity
exponentcorrespondingapproximatelyto conditionsoccurringinflight.
Conditions(e)and(f)werechosenforpurposesofmathematicalsimpli-
ficationwhile(g)correspondstoairand(h)impliesan exactReynolds
analogyintheouterturbulentlayer.

Itisapparentfromfigure8 thattranspirationhasa verystrong
effecton loweringthevalueofthelocalskin-frictioncoefficientat
alltheMachnumbersconsideredsmdat bothsurface-temperaturecon-
ditions.As an exsmple,at M = 4 whereTW = Tljthelocalskin-friction
coefficientat Rx = 107isreducedtoaround15percentof itsoriginal
valuebya blowingrateof pWVw/pLul~ 0.003(~= 20).

.
Fromfigure9 itis seenthattheetfectoftranspirationat all

theconditionsconsideredisto increasetheratioofStantonnumber
* to thelocalskin-frictioncoefficientwhen Pr = 1. Thisincreaseis

ofa muchsmallermagnitudethanthedecreaseinthelocalskin-friction
coefficient,withthenetresultbeingthattheStsntonnumberisalso
markedlyreducedby trsmspiration.Forexsmple,at thepointpreviously
considered,theStantonnumberfallsto about21percentofitsoriginal
value.

Infigure10thereis showna seriesof curvesforthelocal
recoveryfactorat M = O. Thisfigureisrepresentativeofallthe
otherconditionsconsidered,andthefold.owingdiscussiona~llesin
general.Fromthefigureit isnotedthattranspirationalsoaffects
therecoveryfactor;however,itcanbe observedthattheeffectof
transpirationisnottoolarge.Infact,thetranspirationeffectis
muchlessthan’thea~arenteffectofReynoldsnumberforthezero
transpirationcase.Sinceit islamwnfromexperiment(ref.10)that
therecoveryfactorat zerotrsmspirationisrelativelyindependentof
Reynoldsnumber,doubtis shedonthevalidityoftherecovery-factor
determinationsofthissnalysis.Froma considerationofrelative
results,allthatcanbe concludedisthattranspirationprobablydoes

s notaffecttherecoveryfactorby a largesmountandthata valueof
r ~ 0.9shouldsufficeindesigncalculations.
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Inapplytigtheresultsofthisanalysisas expressedinfigures8
and9, itis convenienttoexpresstheparameter~ intermsofthe

● –

temperaturescontrollinga givencoolingproblem.Ifaneffectiveness
of coolingis

fora surface
relatec and

Thus,once E
determine~

definedby a-

Te - TW
E =— (1.2)

Te - Tc —

wherea heatbalance(eq.(9))applies,itispossibleto
E by

—

E= c

C’*_.

(13)

isspecifiedfora givendesignlit ispossibleto
and,consequently,cf,St,andPwvw forgivenflight

conditionsandsurfacetemperature.

CONCLUDINGREMARKS

It canbe concludedfromtheresultsofthepresent
a transpirationcoolingsystemishighlyeffective,even

J.

analysisthat .
athighflight

speeds.Notonlydoesthecoolantabsorbamaximumamountofheatby
attainingas itsendtemperaturethetemperatureofthesurfacethatit
iscooling,butithasthefurtheradvantagethattheeffectofthe
transpirationgreatlyreducesboththeskinfrictionandtheamountof
heatenteringthesurface.

AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,Calif.,Aug.12,1954
.-
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APPENDIXA

DETAILSOFANALYSIS

Whenitisassumedthatchangesinthe x directionarenegligible
comparedto changesinthe y direction,equations(1)through(3)
become

$(6?+7=)=0 (m

(A2)

Theseeqyationscanbe simplifiedby integratingequatim(Al).The
● inte~alofequation(Al)is

At thesurfaceoftheplate

;; = p@w (A5)

and

N=O (A6)

Thereforej

Equations(A2)smd(A3)thusbecome

.
(A8)
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“v’%(c~+:)‘$(%+%-‘“- -G-)‘A’)
It isconvenient,at thispoint,to introducetheconceptsofeddy

viscosity,eddythermalconductivity,andturbulentPrandtlnumber.The
eddyviscosityandeddythermalconductivityaredefinedas:

and

The usual definition”ofPrandtlnumber

(AIO)

(All)

is ~cP/k,wherethefluid
propertiesarebasedonthemoleculartransportof-momentumandener .

7InthisanalysisthereisalsoemployedtheanalogousquantityGMCPGH
inwhichtheproperties,ineffect,arebasedon theturbulenttransport
ofmomentumandenergy.Thisquantityis calledtheturbulentPrandtl
numberandisgiventhesymbolItrt.

Whenequations(A1O)and(All)areintroduced
and(A9)thereresults

intoequations(A8)

(’X2)

( )]

U2
d

(v+ e~)+

(’13)

Notethatthebarsrepresentingtime-averagequantitieshavebeendropped
intheseequationsasallthetermsaremea ~alues~thefluctuating
termsno longerappearing.

.

--

—
.

0
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I.-SKIN-FRICTIONRELATIONSHIPFOR W = Prt= 1

Temperature-VelocityRelationship

Forthecasewhere Pr = Prt= 1, equation(A~3)becomes

“WVW%(C,’+%)=W+’’):(C’T+H ‘A”)
Equation(A.14)hastheidenticalformofequation(A12).Thus,if u
isa solutionofequation(A12),then

U2
—. au+ bCp’+ z (A15)

is a solutionof (A14)sinceit islinear.Theterms a ud b are
constsntstobe evaluatedat theboundaryconditions:

T =Tl at U= U1 (outeredge)

. T . ~ at u = O (surface)

Whentheseboundaryconditionsareemployed,equation(A17)becomes
.

*=l+Bu-
=U ~252 (u6)

7-l&
A2=2~ (A17)

()

T,
~

-12l+*M1
B = -1 (A18)

()
%
~

(A19)

Becauseof equation(A16),it isonlynecessaryto integratethe
momentumequation(A12)toobtainboththevelocityandtemperature
distributionintheboundarylayer.To performthisintegration,itis
assumedthattheboundarylayerisdividedintotwoparts:a sublayer,
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adjacenttothesurface,where
alone; andan outerportionof
transferisby

momentumtransferisbymolecularmeans
theboundarylayer,wheremomentum

eddyingmotionalone.

VelocityDistribution

Inthesublayer,equation(A12)

SincepWvW isnota functionof
directlytoyield

intheSublayer

written as

()du‘a
(A20)

equation(A20)canbe integrated

pwvwu= ~ ~ + constant
dy

(A@

Theconstantiuequation(A21)
conditions

Y =0

Equation(A21)becomes

canbe evaluatedby employingtheboundary

u= o q
‘v’pdy

(A22)

du
v_ = Tw + Pwvwu
dy (A23)

Integrationofequation(A23)yields

u
Y=

J’
pdu (A24)

o Pwvwu+Tw

ItwasshownintheDiscussionthattheextentofthesublayerunderthe
conditionsofblowingisnotwellknown.Inviewofthis,extremerigor
intheintegrationoftherightmemberofequation(A24)isnotmandatory.
Forsimplicity,then,let v = ~ andtheresultingintegrationyields

.

.

.

b

(2n 1+
u+)fc-f2-

—

..
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where

Velocity

Intheouter

Distributionin the(hterTurbulentPortion

turbulentgmrtion,eqyation(A12)iswrittenas

25

(A26)

(J@7)

(A28)

(A29)

By emplo@ngPrandtl?smixing-lengthconcepts
()

CM . pz= du andusing
~

1 = Ky,equation(A29)canbe rewrittenintheform

Because~vW isnota functionof y, e~tion (A30)
directlytoyield

()2
~v~u = pK?F * + constant

(A30)

canbe integrated

(A31)

At theinterfaceofthesublayerandoutsrturbulentportion,it is
k requiredthatthevelocityonthelaminarsidematchthevelocityonthe

turbulentside. Inaddition,a matchingof thelaminarandturbulent
shearsisalsorequired.By comparisonof correspondingtermsof eqw-

& tions(A21)and(A31),itisapparentthatthematchingofthevelocities
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andshearsrequires
canbe rewrittenas

NACATN 3341

theconstantstobe thesame.Thus,equation(A31)

2
Pwvwu+ TV =

()
pFf” $&

Integrationof equation(A32)resultsin

(A32)

Y= ya expJ’u ~pw~u

(A33)
% d-

Itwillbe convenientlatertorepresenttheexponentialtermin
equation(A33)by thesymbolg,thus

Y=Yag (A34)

Becausetheprimaryconcernof thisanalysisisthedeterminationof
skinfrictionandheattransferat thesurface,itisnotnecessaryto
performtheintegrationindicatedin equation(A33)at thisstageofthe
analysis.

—
.

*SubstitutionofVelocityDistributionInto

vonK&n& MomentumEquation

ThevonK&m& momentum-integralequationforthecasewithsurface
blowingat constantpressurecanbewrittenas

J’da
Tw + P@w% = ~ f3U(U1-U)dy (~35)

Equation(A35)canbe madedimensionlessby dividingthroughby P1U12.
It isalsoconvenienttoreplacethevariableof integrationy by ~.
Theresultingequationis

(A36)

Theintegralinthetermontherightrepresentsthemomentumthickness6.
s
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. To evaluatethemomentumthicknessrigorouslyin equation(A36),it
wouldbenecessarytodivideitintotwoparts.Thefirstpart,with
thelowerbouadas O andtheupperboundas ~, wouldrepresentthe
contributionofthesublayer.Thesecondpart,withthelowerboundas
‘~ andtheupperboundas 1,wouldrepresentthecontributionof the
outerturbulentportion.In thefirstpart(dy/d@wouldbe evaluated
fromequation(A23),whileinthesecondpartitwouldbe evaluatedfrom
equation(A33).Fortheincompressiblecasewithoutblowing,these
integrationscanbe performedverysimplyinclosedform. It isfound
thatthistwo-partsystemcanbe approximatedveryclosely(lessthan
l-percentdifferencein cf(Re)curves)by theintegralofthesecondpart
inwhichthelowerboundissetequalto zero.Itwouldnotbe expected
thattheintroductionof compressibilityandblotingshouldmarkedly
alterthisbehavior;consequently,thesimplerone-partsystemwillbe
usedinthepresentanalysistodeterminee.

When(dy/dll)isevaluatedfromequation(A33),theexpressionfor
momentumthicknessbecomes

.

notingthat
.

1 3/2
e = Kya

f( )
-&

o PI

‘(’’’-d’

(A37)

Equation(A37)cannotbe solvedinclosedform;however,ifthecondition
of compressibilityisremoved,a closedformsolutionfor 0 canbe
obtainedeasily.It isfoundfromthesolutionfortheincompressible
casethatthefirsttermresultingfromam integrationby partsyields
resultswhichhavethesameformas theresultsof thecompleteintegra-
tion. Sincewe areprimarilyconcernedwiththeformof thesolution,
absolutemagnitudescanbe adjustedby slightchangesin u~ andK which
arearbitraryconstants;onlythefirsttermresultingfroman integration
by partsof thecompressiblecasewillbeusedinthisanalysis.

To performtheintegrationof equation(i137),it isnecessaryto
replace‘tiasthevariableof inte~-ationby

1/2

()

‘g= &g

&3.-Fromequation(A38)

d~ (A39)

A.
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Substitutionof equation(A39)intoequation(A37)yields

e= ‘a~;’)k)~(’~) ‘g
(A40)

Becausethepressureacrosstheboundaryis”assumed“tobe constant,the

NACATN 3341

perfectgaslawandequation(A16)indicatethat

Equation(A40)thenbecomes

( )1T1
E&)

e
ti(l-ti) dg

= ‘a % g(o)l+B&A2&

Whenequation(A42)isintegratedbyparts,thereresults

(A41)

.

(A42)

()[ &l
e T1 ti(l-ti)gIr 1l-2&+(A2-B)~dti=Yaq (A43)

1+~-A2~ ‘o g (l+W&A2&)2&o

Fromanexaminationofequation(A38)itisapparentthatboth g(1)
andg(0) arefinite; consegpently,thefirsttermontherightof
equation(A43)vanishesat thebounds.If g isagatnsubstitutedfor
~ as thevariableof integration,equation(A43)becomes

.

.

1/2

()
q

ya I_JIw
e

J
mdg (A44,

g(l)~-2~+(A2-B)@ PILII
=.

K g(o) (1+~-A’&)3/2

Again,integratingby partsresultsin

1/2

()
TYa *

e

[

F; g[1-2S+(A2-B)3$I~=-
K

(l+lKLA2@)3/2

1
5=0

(A45)

?i=l

+ additionalterms)

J
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Whentheadditionaltermsareomittedandthelimitsof integrationare
introduced

T 1/2

()‘a G

[

‘(’)m
e=

K (l+B-A2)1/2
L

Forpracticalcaaes g(l)>> g(0);therefore,

e

T=
But ~ = (l+B-A2), SO that

@loying equation(A26)

g(l)

f]
+g(o) ; (A46)

g(1)

g(1)

(A47)

(A48)

(A49)

Equation(A49)canbemanipulatedintotheform

Beforeintegratingtherightmemberof (A50),it ispreferableto obtain
therelationshipof cf intermsofthelengthReynoldsnumber.
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Equation(AS6]canbe rewrittenas

Cf
Z-

4-Plu=
d

NACATN 3341 ,

)g(1) (A51)

*-

.

whenequation(A49)isemployed.Onintegration,neglectingtheeffect
of laminarsublayer

.-

2 (x)

g(1)

Integrationby partsyields

Rx=$_ , + additionalterms (A53)
(Cf/2)+ (p#w/~1%) Cf

~+m

Forlargevaluesof Rx thefirsttermpredominates.Also g(l)iS
finite;therefore,

or

Rx
[

1
.

a

—..() 1/2
K ~ dfi

P1

(A54)

(A55)

It is apparentthattherightmembersof equations(A50)and(A55)are
identical.Thisdoesnotmeanthattheleftmembersareequal,butjust
thatthe K and~ (also~) usedineachof theequationsaredifferent
(seeDiscussion)

—

n-

.
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Theintegralappearinginegyations(Am) and(A75)
as

whenequation(u6) isemployed.Theintegral(A56)can

()
Tl 1/2

K
~

f

1
G

r
%VwA— % J (If+u)(li-cL)(fl-G)
P*U1

where

B--

Letting

a=—
t-@2

(c+)
a =—

()‘vvw
~

sin2Q = c (p-H) -

31

canbewritten

(A56)

be rewrittenas

(A57)

(Am)

(A59)

(A60)

(A61)

then d~ . - ~ sinq cosq dq andtheintegral(A57),ontransfo~g
thevariableof integrationfrom H toq,becomes

1/2

()
2’ ~

Tw

J

q(l)

r

(A62)
A ~ ~(?iJ

/[ 1[ 1
(WY) - * sin2q (P-a)- * sin2p

. If c issetequalto —
& thenintegral(A62)becomes
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SinceLegendre~sstandardform
i~

$(Q)(l)

w%=’
oftheellipticintegralofthefirstkind

Integral(A6Z)canberewrittenas

() 1/2
2K ‘1

~
{[F km,%(%)]r -F[km,IT(l)]

Pwvwm
A—

P~ul

where

and

If c in

(A63)

(A64)

(A65)

.

—
.

(A66)

equation(~62) issetequaltol/~-a,integral(A63)becomes

where

(A67)

(A68)

.

.
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II.- SKINFRICTION- HEATTRANSFERRELATIONSHIPFOR l% ~ 1.

Thispartoftheanalysisbeginswiththeintegrationof equations
(A12)md (A13),resultingin

pWvWu= (U+ ‘M)~ + c1 (A69)

and

PWVAT’9=(++a%+“’EM)‘9’c=“70)
where c1andC2 arearbitraryconstants.At thesurfacey = 0,we
have

U=o ~M=()

T=T,

At thesurface,equations(A69)and(A70)thusbecome

O=TW+C= (A71)

%JvflPTw‘ - W + C2 (’72)

Whenthearbitraryconstantsevaluatedfromequations(A71)and(A72)are
substitutedintoequations(A69)and(A70),thereresults

(’73)

[ ‘2]-‘w=(*+*)%+‘“’’M)u% “74)PWVW CP(T-TW)+ ~
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Dividing
yields
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the-termsof equation(A74)by thetermsofequat$on(A73)

PWVW [&(T-~w) + $] - % (&+ ~) dcpT. ~
(A75)Pwvwu + Tw = (P+G~) du

It is convenientintheprocesses
symbols:

‘=(:~s)

,=A!L
P=ul

whichfollowto introducethefollowing

Qwvw
F=— plul

~2
E= cp(T-~)+ ~

Equation(A75)canthenbewrittenas

dE
a-+ ‘=(1-p) u’2&-*

Intherange o<c<& P=Pr

~<c<l P=Prt

(A76)

Equation(A76)mustthenbe integratedintwostageswiththeresults
combinedat theinterfacewhere fl= %. Theintegration,withtheuse
ofan integratingfactor,isstraightforward.Aftersomealgebraic
manipulation,thereresultsbackintheoriginalnotation

qw
—=
%%

( ) Pwvw
cp~-cph-r~ —(3)-pr(z’a+:-+?Tt-1

Ifwe definetheheat-transfercoefficientas

qw
h=

Tw -T=-r&
2cp

(A77)

.

—

.

.
(A78)

.
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the find relationshiprelating heat tranal’erand skin friction is

t ,

w
w

(A79) E

The expresfiiondefining %he recovery factor is

~=, - ,,(%)(~+%)(’-’r)prt)r()-(’-m)(~++~+(Rfia+~)2-’rt(*+~~t(Wt.
()~’
~1% (2-Pr~)(2-Pr)

(A80)
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